
Interest and Cash flow Diagrams
3.1 Meaning of Interest: 
For items of an alternative which can be quantified in terms of monetary unit (m.u.), it is important to recognize the concept of the time value of money. It is often said that money makes money. The statement is indeed true, for if we invest money today, by tomorrow we will have accumulated more money than we have originally invested. This change in the amount of money over a given time period is called the time value of money; it is the most important concept in engineering economy. On the other hand, if a person or a company borrows money today, by tomorrow more money than the original loan will be owed. This fact is also explained by the time value of money.

The appearance of the time value of money in actual life is termed “interest” (I); which is a measure of the increase between the original sum (borrowed or invested) and the final amount (owed or accrued). Thus, if money was borrowed at some time in the past, the interest would be:


I (interest) = present amount owed – original loan.
(3.1)
If money was invested at some time in the past, the interest would be.


I (interest) = total amount accumulated – original investment.

In either case, there is an increase in the amount of money that was originally invested or borrowed, and the increase over the original amount is the interest. The original investment or loan is called “principal” P.

The interest is always defined as an “Interest rate” i (%). It expresses the interest per unit time as a percentage of the principal.
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3.2 Interest Period

The time unit which is most commonly (and unless otherwise stated) used to declare interest rates is one year (e.g. 10% per year, 10% per annum or just 10%). However, interest rates may sometimes be quoted over shorter periods of time (e.g. 1% per month). The time unit used to express an interest rate is called an “interest period”.
3.3 Cash Flow Diagrams: 

For any enterprise, firm or even a person there are cash receipts (income) and cash disbursements (costs) which occur over a certain time span. These are referred to as "cash flow". Positive cash flow represents inflow or receipt while negative cash flow indicates outflow or disbursement.

A "cash flow diagram" is a graphical representation of cash flows drawn on a time scale having the interest period as the unit or division. The length and direction of any cash flow arrow should indicate the amount of cash flow and whether it is a receipt or a disbursement. This is explained in figures 3.1 and 3.2 below.
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Figure 3.1 A typical cash flow time scale
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Figure 3.2 Representation of receipts and disbursements on a cash flow diagram
In practice, cash flow may occur at any time within an interest period. However, a simplifying assumption is made that all cash flow occurs at the end of the interest period. This is known as the "end-of-period convention". Accordingly, if several receipts and disbursements take place within the same interest period, the net cash flow (which is the algebraic sum) is assumed to occur, or to be concentrated, at the end of the interest period.

The cash flow diagram is a useful tool which gives a clear diagrammatic synoptic representation of the statement of any situation or problem. It may be marked to show what is known and what is to be found. It should be pointed out that one transaction may be represented by two apparently different cash flow diagrams depending on the point of view.

For example, a loan to be paid off in four installments may be represented by either of the cash-flow diagrams shown in Figure 3.3.
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Figure 3.3 Different forms representing the same transaction.
Example 3.1: 

Before evaluating the economic merits of a proposed investment, the XYZ Corporation insists that its engineers develop a cash-flow diagram of the proposal. An investment of m.u.10,000 can be made that will produce uniform annual revenue of m.u.5,310 for five years and then have a market (recovery) value of m.u.2,000 at the end of year five. Annual expenses will be m.u.3,000 at the end of each year for operating and maintaining the project. Draw a cash-flow diagram for the five-year life of the project. Use the corporation's viewpoint.
Solution:

As shown in Figure 3.4, the initial investment of m.u.10,000 and annual expenses of m.u.3,000 are cash outflows, while annual revenues and the market value are cash inflows.
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Figure 3.4 Cash Flow diagram for Example 3.1

Example 3.2:

This example presents a situation in which cash flows are given in tabular form to facilitate the analysis of plans and designs.

In a company's renovation of a small office building, two feasible alternatives for upgrading the heating, ventilation, and air conditioning (HVAC) system have been identified. Either Alternative A or Alternative B must be implemented. The costs are as follows:

Table 3.1 Alternative A Rebuild (overhaul) the existing HVAC system:

	Equipment, labor, and materials to upgrade.........
	18,000 m.u.

	Annual cost of electricity………………….............
	32,000 m.u.

	Annual maintenance expenses…………………....
	2,400 m.u.


Table 3.2 Alternative B Install a new HVAC system that utilizes existing ductwork:

	Equipment, labor, and materials to install………
	60,000 m.u.

	Annual cost of electricity……………………….
	9,000 m.u.

	Annual maintenance expenses………………….
	16,000 m.u.

	Replacement of a major component 4 years hence.
	9,400 m.u.


· m.u.60,000

· 
9,000

· 
16,000

· 
9,400

At the end of eight years, the estimated market value for Alternative A is 2,000 m.u., and for Alternative B it is 8,000 m.u.. Assume that both alternatives will provide comparable service (comfort) over an eight-year period, and assume that the major component replaced in Alternative B will have no market value at the end of year eight. (1) Use a cash-flow table and end-of-year convention to tabulate the net cash flows for both alternatives. (2) Determine the annual net cash flow difference between the alternatives (B - A). (3) Compute the cumulative difference through the end of year eight. (The cumulative difference is the sum of differences, B - A, from year zero through year eight.)

Solution:

The cash-flow table (company's viewpoint) for this example is shown in Table3.3: 
Table 3.3 Cash Flow for Example 3.2:

	End-of-Year
	Alternative A

Net Cash Flow
	Alternative B

Net Cash Flow
	Difference

(B-A)
	Cumulative

Difference

	0(now)
	-18000 m.u.
	-60000 m.u.
	-42000 m.u.
	-42000 m.u.

	1
	-34400 m.u.
	-25000
	9400
	-32600

	2
	-34400 m.u.
	-25000
	9400
	-23200

	3
	-34400 m.u.
	-25000
	9400
	-13800

	4
	-34400 m.u.
	-25000-9400
	0
	-13800

	5
	-34400 m.u.
	-25000
	9400
	-4400

	6
	-34400 m.u.
	-25000
	9400
	5000

	7
	-34400 m.u.
	-25000
	9400
	14400

	8
	-34400+2000 m.u.
	-25000+8000
	15400
	29800

	Total
	-291200 m.u.
	-261400 m.u.
	
	


It should be apparent that a cash-flow table clarifies the timing of cash flows, the assumptions that are being made, and the data that are available. A cash-flow table is often useful when the complexity of a situation makes it difficult to show all cash flow amounts on a diagram. 
3.4 Simple and Compound Interest

When more than one interest period is involved, the terms simple and compound interest must be considered.

3.4.1 Simple Interest

Simple interest is calculated on the principal only, ignoring any interest that was accrued in preceding interest periods. The total interest for (n) interest periods will be
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(3.3)
And the future value F of the principal P after the (n) periods will be 
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(3.4)
Figure 3.5 represents the concept of simple interest over n periods. Therefore the following may apply:

Ij = interest of the interest period j
Fj = accumulated amount after j interest period
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Figure 3.5 Diagram representing the accumulation of a principal based on simple interest

Example 3.3:

A firm received a governmental loan of 500 000 m.u. with a simple interest rate of 4 %. What will be the amount owed 10 years later?
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Figure 3.6 Cash flow diagram for example 3.3

Solution:

Given:

P = 500 000 m.u.

i = 4%, simple interest 

n = 10 years (interest period = one year)

Required: F
F = P (1 + i × n)

F = 500000 (1 + 0.04 × 10)

    = 700 000 m.u.

The interest period has no effect on the solution of a cash flow problem when we use simple interest. This can be easily shown by solving the previous example for different interest periods as shown below.

· Solving with interest period = one month
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Now the number of interest periods would be:
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· Solving with interest period = one day
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Now the number of interest periods would be:
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3.4.2 Compound Interest

In calculation of compound interest, the interest for an interest period is calculated on the principal plus the total amount of interest accumulated in previous periods. Thus, compound interest means “interest on top of interest” (i.e., it reflects the effect of the time value of money).

The interest for any period (In) and the accumulated amount after that period (F) are consecutively given by 

In = interest of interest period number n
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(3.5)
Fn = accumulated amount after n interest periods
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(3.6)
Figure 3.6 illustrates the idea of compound interest where interest accrued in the first period are added to the principal in the second period and so on.
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Figure 3.7 Diagram representing the accumulation of a principal based on compound interest
Example 3.4:

A man deposited 10000 m.u. in a bank which offers 10% compound interest. What will be the accumulated future amount after 8 years?

What will be the interest of the sixth year only?
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Figure 3.8 Cash flow diagram for example 3.4

Solution:

Given:

P = 10000 m.u.

i = 10%, compound interest 

n = 8 years

Required:
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Example 3.5
If a person wishes to have L.E. 800 in a savings account at the end of 4 years, and 9% interest was paid annually, how much should he put into the saving account now?
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Figure 3.9 Cash flow diagram for example 3.5

Solution:

Given:

F = L.E. 800

i = 9%

n = 4 years

Required: P
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Example 3.6

For the following cash flow situation shown in Table 3.4, draw the cash flow diagram and solve for P assuming a 12% interest rate.
Table 3.4 Cash receipts and disbursements for example 3.6

	Year
	Cash Flow (L.E.)

	0
	+P

	1
	0

	2
	0

	3
	–400

	4
	0

	5
	–600


Solution:

Recall that receipts have positive signs while disbursements have negative signs. Thus the cash flow diagram is:
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Figure 3.10 Cash flow diagram for example 3.6
In this example two future cash flows occur, one after 3 years and the other after 5 years. Thus we have:
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Then P would be:
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3.5 Nominal and Effective Interest Rates and Continuous Compounding

The nominal and effective interest rates are used when the compounding period (or interest period) is less than one year. In such a case the actual annual interest rate is the effective interest rate.

For example, an interest of 1.5% per month may alternatively be quoted as 
[image: image29.wmf]1.51218
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% per year accumulated monthly; this is the nominal interest rate r.

Thus:

r = nominal interest rate per year

  = the period interest rate * number of interest periods per year (m)

For a principal P, the future value after one year F will be
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And the effective interest rate 
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can be found as 
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In general knowing the annual nominal interest rate r and the number of interest periods per year m, the annual effective interest rate 
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 can be calculated from 
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Note:

There is no interest paid on the money deposited (or withdrawn) between compounding periods (interest periods). In this case any amount of money that is deposited or withdrawn between compounding (interest) periods is regarded as having been deposited at the beginning of the next compounding (interest) period or withdrawn at the end of the previous compounding (interest) period.

The interest calculations may be based on a concept known as "continuous compounding" which assumes infinitesimally small interest periods, i.e. the increase of the number m to approach infinity.

The effective interest rate for continuous compounding is given by.
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Continuous compounding is advantageous from the point of view of a lender or depositer while it represents an extra burden on a borrower. In actual practice, interest rates are seldom quoted on continuous compounding basis. Discrete compounding is usually used.

Example 3.7:

For a nominal interest rate of 15% calculate the effective interest rate if the interest is compounded:

a) Biannually

b) Quarterly

c) Monthly

d) Continuously.

Solution:

r = 0.15

a) m = 2             
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b) m = 4             
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c) m = 12            
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d) m = 
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Example 3.8:

 How long does it take a given amount of money to triple itself if the money is  invested  at  an  interest  rate  of  15%  per  year compounded monthly?

Solution:
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Then it would take about 8 years for a given amount to triple itself at an interest rate of 15%.
Example 3.9: 

How much money would you be willing to spend now in order to avoid spending 500 m.u.  seven years from now if the interest rate is 18 % per year compounded quarterly?

Solution:
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3.6 Case study, Real-world situation [2]
Manhattan island purchase 

History reports that Manhattan Island in New York was purchased for the equivalent of 24 m.u. in the year 1626. In the year 2001, the 375th anniversary of the purchase of Manhattan was recognized.

If public sector investments are evaluated at 6% per year. Assume New York had invested the $ 24 at the conservative rate of 6%, Determine the worth of the Manhattan Island purchase in 2001 at (a) 6% per year simple interest and (b) 6 % per year compound interest. Observe the significant dif​ference that compounding has made at 6% over a long period of time (375 years), in this case,

3.7 Problems

Interest Rate and Rate of Return

1. A broadband service company borrowed 2 million m.u. for new equipment and repaid the loan in the amount of 2.25 million m.u. after 1 year. What was the interest rate on the loan?

2. A design-build engineering firm com​pleted a pipeline project wherein the com​pany realized a rate of return of 32% per year. If the amount of money the company had invested was 56 million, what was the amount of the profit the company made in the first year?

3. A publicly traded construction company reported that it just paid off a loan that it received 1 year earlier. If the total amount of money the company paid was 1.6 mil​lion m.u. and the interest rate on the loan was 12% per year, how much money had the company borrowed 1 year ago?

4. A start-up chemical company has established a goal of making at least a 25% per year rate of return on its investment. If the company acquired 40 million m.u.in venture capital, how much did it have to earn in the first year? [4]

Cash Flows
5. What is meant by the end-of-period con​vention?

6. The difference between cash inflows and cash outflows is known as what?

7. Calculate the net cash flow for each month for the following cash flows on a loan from two perspectives: (a) the borrower and (b) the bank.

	Month
	Amount of Money
	Purpose

	January
	1000 m.u.
	Borrowed 1000 m.u. for 6 months from bank

	February
	100
	Paid interest on loan balance to bank

	March
	100
	Borrowed 1000 m.u. for 6 months from bank

	April
	100
	Paid interest on loan balance to bank

	April
	500
	borrowed an additional 500 m.u. for 3 months

	May
	150
	Paid interest on both loan balances to bank

	June
	150
	Paid interest on both loan balances to bank

	July
	150
	Paid interest on both loan balances to bank

	July
	1500
	Repaid principal on both Loans to the bank


8. Construct a cash flow diagram for the fol​lowing cash flows: 10,000 m.u. outflow a: time zero, 3000 m.u. per year inflow in years I through 5 at an interest rate of 10% per year, and an unknown future amount in year 5.

9. Construct a cash flow diagram that repre​sents the amount of money that would he accumulated in 15 years from an invest​ment of 20,000 m.u. now at an interest rate of 8% per year. [4]

Simple and Compound Interest

10. A local bank is offering to pay compound interest of 5% per year on new savings ac​counts. An e-bank is offering 6% per year simple interest on a 3-year certificate of deposit. Which offer is more attractive to a company that wants to set aside money now for a plant expansion 3 years from now?
11. Badger Pump Company invested m.u.500,000 five years ago in a new product line that is now worth 5900,000. What rate of return did the company earn (a) on a simple interest basis and (b) on a compound inter​est basis?

12. How long will it take for an investment of m.u.300,000 to accumulate to m.u.200,000 at an interest rate   of   10%   per year simple interest?

13. An investment that was made 16 years ago is now worth m.u.300,000. How much was the initial investment at an interest rate of 10% per year (a) simple interest and (b) compound interest?

14. Companies   frequently    borrow   money under an arrangement that requires them to make periodic payments of interest only and then pay the principal of the loan all at once. A company that manufactures odor control chemicals borrows S400.000 for 3 years at 10% per year simple interest under such an arrangement. What is the difference   in   total   payments   for   this arrangement and one in which the com​pany makes no interest payments at the end of each year?

15. A company that manufactures in-line mix​ers for bulk manufacturing is considering borrowing SI.75 million to update a pro​duction line. If it borrows the money now. it can do so at an interest rate of 10% per year simple interest for 5 years. If it bor​rows next year, the interest rate will be only 8% per year, but the interest will be compound interest for 4 years, (a) How much interest (total) will be paid under each scenario, and (b) should the company borrow now or I year from now? Assume the total amount due will be paid when the loan is due in either case.

Types of Interest
16. You deposit 3,000 m.u. in a savings account that earns 9% simple interest per year. To double your balance, you wait at least (?) years. But if you deposit the 3,000 m.u. in another savings account that earns 8% interest, compounded yearly, it will take (?) years to double your bal​ance

17. Compare the interest earned by 1,000 m.u. for 10 years at 7% simple interest with that earned by the same amount for 10 years at 7%, compounded annually.

18. You are considering investing 1,000 m.u. at interest rate of 6%, compounded annu​ally, for 5 years or investing the 1,000 m.u. at 7% per year simple interest rate for 5 years. Which option is better?

19. You are about to borrow 3,000 m.u. from a bank at an interest rate of 9%, com​pounded annually. You are required to make three equal annual repayments in the amount of 1,185.16 m.u. per year, with the first repayment occurring at the end of year l. In each year, show the interest payment and principal pay​ment.
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