Lecture 5
MORE money-time relationships 

and Equivalence 
5.1 Uniform-Series Present-Worth Factor (USPWF) 

The uniform series present worth factor USPWF is the factor that relates an equivalent present worth to a series of equal annuities to be paid in the future. The cash flow representation for this situation is shown in figure 5.1. 
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Figure 5.1 Cash flow describing the USPWF
In the analysis, each annuity may be considered as a future value after n years, thus we may apply equation (4.3) to each payment of the uniform series individually. The following table represents the present value of each payment.

	Payment at end of period No.
	Present worth of the payment

	1

2

3

n
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The present value of the uniform series can be worked out as the summation of the second column. Thus,
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Multiplying by 
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It is to be noted that equation (5.1) could be directly obtained from equations (4.3) and (4.4).
Example 5.1:
If a certain machine undergoes a major overhaul now, its output can be increased by 20%, which translates into additional cash flow of 20,000 m.u. at the end of each year for five years. If i = 15% per year, how much can we afford to invest to overhaul this machine?

Solution:
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Figure 5.2 Cash flow diagram for example 5.1

The increase in cash flow is 20,000 m.u. per year, and it continues for five years at 15% annual interest. The upper limit on what we can afford to spend now is

P = 20000(P/A.15%.5)

   = 20000 × (1 – 1.15-5) / 0.15 

   = 20000(3.3522)

   = 67,044 m.u.
Example 5.2:
Ahmed gave up m.u.32,639 a year for 9 years to receive a cash lump sum of m.u. 140,000. If he could invest his money at 8% interest, did he make a right decision? 


[image: image16.emf]1 2 3 4

0

5

i= 8 %

6 7

years

8

P = ??

9

A=  32 639 m.u.


Figure 5.3 Cash flow diagram for example 5.2
Solution:

Given: i = 8% per year, A = 32,639 m.u., and n = 9 years Find: P
P = A (P/A, i, n)

P =32639 (P/A, 8%, 9)

P = 32639 × (1 – 1.08 -9) / 0.08
P =32639 (6.2469) = 203893 m.u.
Spreadsheet solution as Excel for such problem is:
P= PV (8%, 9, 32639, , 0) = 203893 m.u. 
The above result shows that Ahmed did not make the right decision.
5.2 Capital-Recovery Factor (CRF)

The capital recovery factor CRF is the factor that finds the equivalent annuities for a present worth value. The cash flow representation for this situation is shown in figure 5.4. This means that this factor is the inverse of the USPWF and thus we can easily derive it from equation 5.1 as shown.
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Figure 5.4 Cash flow describing CRF
 From equation (5.1)
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Another, indicative, formula for the CRF can be derived from equation (5.3) as follows:
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(5.5)
5.3 Summary of Compound Interest Factors

The six factors discussed hereinbefore, in lectures 4 and 5, are summarized in Table 5.1

Table 5.1 Summary of compound-interest factors

	Name
	Abbreviation
	Notation
	Formula

	Single-payment present worth factor
	SPPWF
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	Single-payment compound-amount factor
	SPCAF
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	Uniform-series compound-amount factor
	USCAF
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	Sinking fund factor
	SFF
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	Uniform-series present-worth factor
	USPWF
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	Capital recovery factor
	CRF
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Based on Table 5.1, interrelationships between the different factors can be derived. Some of these are shown in Plaque 5.1. such relations establish a special algebra for the compound interest factors.
Plaque 5.1 Relations between compound-interest factors
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Example 5.3:  

A company borrowed from a bank a loan of L.E. 250,000 and wants to negotiate with the bank to defer the first loan repayment until the end of year 2; through six equal installments at 8% interest. What should be the annual installment?

Solution:
Given: P = 250,000 L.E., i = 8% per year, n = 6 years, but the first payment occurs at the end of year 2 

Find: A
By deferring 1 year, the bank will add the interest during the first year to the principal. In other words, we need to find the equivalent worth of 250000 L.E. at the end of year 1, P' as shown in figure 5.6:
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Figure 5.5 Original cash flow for example 5.3
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Figure 5.6 Equivalent cash flow for example 5.3
P’ = 250000(F/P, 8%, 1) = 270000 L.E.

In fact, the company is borrowing 270000 L.E. for 6 years. To retire the loan with six equal installments, the deferred equal annual payment, A, will be

A = 270000(A /P, 8%.6)
    = 270000 × 0.08 / (1 - 1.08-6) 

    = L.E. 58405 

5.4 Equivalence

The concept of "Equivalence" is based on the understanding of both the time value of money and the interest. It simply means that different sums of money at different times can be equivalent. For example, if the interest rate is 14%, then 100 m.u. today would be equivalent to 114 m.u. one year from today and to 87.719 m.u. one year ago.

The understanding of the concept of equivalence may be deepened by considering different possible plans that can be followed to repay a loan. The difference in the total amounts repaid, according to different plans, can of course be explained by the time value of money.

Tables 5.2 to 5.5 show that the following five amounts of money, associated with respective timing, are equivalent for a compound interest rate of 15%:

1. 5000 m.u. at time zero (today)

2. 750 m.u. per year for four years and 5750 m.u. at the end of the fifth year

3. 10056.79 m.u. five years ahead

4. 1750 m.u. one year from now, 1600 m.u. two years from now,  1450 m.u.  three years from now, 1300 m.u. four years from now, 1150 m.u. five years from now.

5. 1491.58 m.u. per year for five year.

Logically, it can be expected that if the payments in any plan are reinvested at 15% rate when received the accumulation after 5 years will always be 10056.79 m.u.
Different repayment schedules of 5000 m.u. at 15% for 5 years

Table 5.2: when the loan is repaid only at the expiration of the 5-year period with annual interest payments

	End of year
	Amount of loan owed
	Repayment of loan
	Payment of interest
	Total year-end payment

	0
	5000
	0
	
	

	1
	5000
	0
	750
	750

	2
	5000
	0
	750
	750

	3
	5000
	0
	750
	750

	4
	5000
	0
	750
	750

	5
	5000
	5000
	750
	5750

	Total
	
	5000
	3750
	8750


Table 5.3: when the loan is repaid only at the expiration of the 5-year period with no annual interest payments

	End of year
	Amount of loan owed
	Repayment of loan
	Payment of interest
	Total year end payment

	0
	5000
	
	
	

	1
	5750
	0
	0
	0

	2
	6612.5
	0
	0
	0

	3
	7604.38
	0
	0
	0

	4
	8745.03
	0
	0
	0

	5
	10056.79
	5000
	5056.79
	10056.79

	total
	
	5000
	5056.79
	10056.79


Table 5.4:  when the loan is repaid periodically (amortization of the loan) in equal periodic repayments of loan and varying annual interest payments

	End of year
	Amount of loan owed
	Repayment of loan
	Payment of interest
	Total year-end payment

	0
	5000
	
	
	

	1
	5000
	1000
	750
	1750

	2
	4000
	1000
	600
	1600

	3
	3000
	1000
	450
	1450

	4
	2000
	1000
	300
	1300

	5
	1000
	1000
	150
	1150

	total
	
	5000
	2250
	7250


Table 5.5: when the loan is repaid periodically (amortization of the loan) in uniform total annual payments (varying periodic payments of loan and varying annual interest payments)

	End of year
	Amount of loan owed
	Repayment of loan 
	Payment of interest 
	Total year-end payment (A)*

	0
	5000
	
	
	

	1
	5000
	741.58
	750
	1491.58

	2
	4258.42
	852.82
	638.76
	1491.58

	3
	3405.60
	980.74
	510.84
	1491.58

	4
	2424.86
	1127.85
	363.73
	1491.58

	5
	1297.03
	1297.03
	194.55
	1491.58

	Total
	
	5000
	2457.88
	7457.88


* 
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The four different repayment schedules are pictorially summarized in figure 5.7.
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Figure 5.7 Cash flow diagrams for four different schedules to repay a loan of 5000 m.u. in five years at an interest rate of 15%.
5.5 Miscellaneous Examples
Example 5.4: 

An investor (owner) has an option to purchase a territory of land that will be worth 10000 L.E. in six years. If the value of the land increases at 8% each year, how much should the investor be willing to pay now for this property?

Solution:

P = 10000(P / F, 8%, 6) L.E.

P = 10000 (1.08)-6
   = 10000(0.6302) L.E.

   = 6302 L.E.
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Figure 5.8 Cash flow diagram for example 5.4
Example 5.5:

What is the equivalent present cost for a structure that will require construction costs of L.E. 100,000 immediately and L.E. 10,000 each  year  for  the  next  4  years,  and  annual  year-end maintenance costs of L.E. 5,000, for the next 10 years plus  the expenditure of L.E. 25,000 at the end of the 10-year period for replacement purposes? Assume an 8% interest rate.
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Figure 5.9 Cash flow diagram for example 5.5
Solution: 
P = 100000 + 10000(P / A, 8%, 4) + 5000(P / A, 8%, 10) + 25000(P / F, 8%, 10) L.E.

P = 100000 + 10000 × (3.312) + 5000 × (6.71) + 25000 (0.4632)
P = 178250 L.E.

Example 5.6:

A man starts now to make five deposits of 1000m.u. per year in an account which offers an interest rate of 7%. How much money will be accumulated immediately after he has made the last deposit?
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Figure 5.10 Cash flow diagram for example 5.6
Solution:

In order to make use of the USCAF, the cash flow diagram has to be put in the canonical form, shown in Figure 4.10, with the first payment at the end of the first period.
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Figure 5.11 Cash flow diagram for example 5.6
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Example 5.7:

A certain amount of money P will be deposited in a bank 2 years from now. It is required to provide for a withdrawal of m.u. 400/year for 5 years starting 3 years from now. After the last withdrawal the account will be zero. Determine the value of P if the interest rate is 5.5%.
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Figure 5.12 Cash flow diagram for example 5.7
Solution:

The cash flow diagram is shown in figure. It should be converted to the standard form suitable for applying the USPWF. This is achieved by introducing a new time scale as shown in figure.
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   = 400*4.2703= m.u. 1708.12

Example 5.8:

A principal P is deposited now in a bank with an interest rate of 4.5%. The principal is required to be completely recovered in the form of equal annual withdrawal of m.u. 200 per year for the first 5 years starting one year after deposit; then a different annual withdrawal of m.u. 300/year for the following 3 years. Determine the value of P.

Solution:

The principal P may be regarded as the sum of two components P =P1+P2 where P1 is the present worth of the uniform series A1 and P2 is the present worth of the uniform series A2.
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Figure 5.13 Cash flow diagram for example 5.8
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The value of 
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 can be calculated by two alternative methods.
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Or else, 
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P = 877.995+661.773=1539.768m.u.  
5.6 CASE STUDY

Two real-world situations

Manhattan island purchase 

History reports that Manhattan Island in New York was purchased for the equivalent of $ 24 in the year 1626. In the year 2001, the 375th anniversary of the purchase of Manhattan was recognized.
Case Study Exercises

What is the equivalent amount that New York would have had commit in 1626 and each year thereafter to exactly equal the amount calculated previously in lecture 3 at 6% per year compounded annually?

Stock-option program purchases

A young BS-graduate from an engi​neering college went to work for a company at the age of 22 and placed m.u.50 per month into the stock purchase option. He left the company after a full 60 months 'of employment at age 27 and he did not sell the stock. The engineer did not inquire about the value of the stock until age 57, some 30 years later.

Case Study Exercises

Construct the cash flow diagram for ages 22 through 57.

The engineer has learned that over the 30 inter​vening years, the stock earned at a rate of 1.25% per month. 

Determine the value of the m.u.50 per month when the engineer left the company after a total of 60 purchases.

Determine the value of the engineer's company stock at age 57. Again, observe the significant difference that 30 years have made at a 15% per year compound rate.                            

Assume the engineer did not leave the funds in​vested in the stock at age 27. 

Now determine the amount he would have to deposit each year, start​ing at age 50, to be equivalent to the value at age 57 you calculated in (3) above. Assume the 7 years of deposits make a return of 15% per year.

Finally, compare the total amount of money de​posited during the 5 years when the engineer was in his twenties with the total amount he would have to deposit during the 7 years in his fifties to have the equal and equivalent amount at age 57, as determined in (3) above.

Problems:

Equivalence Concept:
1. Suppose you have the alternative of re​ceiving either m.u.10,000 at the end of 5 years or P dollars today. Currently you have no need for money, so you would deposit the P dollars in a bank that pays 6% interest. What value of P would make you indifferent in your choice between P dollars today and the promise of m.u.10,000 at the end of 5 years?

2. Suppose that you are obtaining a per​sonal loan from your uncle in the amount of m.u.10,000 (now) to be repaid in 2 years to cover some of your college expenses. If your uncle always earns 10% interest (annually) on his money invested in various sources, what mini​mum lump sum payment 2 years from now would make your uncle happy?

Money time relationship:
3. How much money could a maker of super​conducting magnetic energy storage sys​tems afford to spend now on new equip​ment in lieu of spending 565,000 five years from now if the company's rate of return is 2% per year?
4. French   car   maker   Renault   signed   a m.u.75 million contract with ABB of Zurich, Switzerland, for automated underbody as​sembly lines, body assembly workshops, and line control systems. If ABB will be paid in 3 years (when the systems are ready), what is the present worth of the contract at 15% per year interest?
5. How much should a mold and die design software company be willing to spend now for an optical communications system that will cost m.u.65,000 three years from now, if the interest rate is 10% per year?
6. What is the future worth of a present cost of m.u. 162,000 to Corning, Inc., 6 years from now at an interest rate of 8% per year?
7. A pulp and paper company is planning to set aside m.u.[50,000 now for possibly re​placing its large synchronous refiner mo​tors. If the replacement isn't needed for 9 years, how much will the company have in the account if it earns interest at a rate of 7% per year?
8. A mechanical consulting company is ex​amining its cash flow requirements for the next 7 years. The company expects to re​place office machines and computer equip​ment at various times over the 7-year plan​ning period. Specifically, the company expects to spend m.u.6000 two years from now, S9000 three years from now, and m.u.5000 six years from now. What is the present worth of the planned expenditures at an interest rate of 10% per year?
9. A proximity sensor attached to the tip of an endoscope could reduce risks during eye surgery by alerting surgeons to the lo​cation of critical retinal tissue. If a certain eye surgeon expects that by using this technology, he will avoid lawsuits of m.u.0.5 and m.u.1.25 million 2 and 5 years from now, respectively, how much could he afford to spend now if his out-of-pocket costs for the lawsuits would be only 10% of the total amount of each suit? Use an interest rate of 8% per year.
10. The current cost of liability insurance for a certain consulting firm is m.u.25,000. If the insurance cost is expected to increase by 5% each year, what will be the cost 6 years from now?
11. A company which uses austenitic nickel-chromium alloys to manufacture resis​tance heating wire is considering a new annealing-drawing process to reduce costs. If the new process will cost m.u.1.75 million dollars now, how much must be saved each year to recover the investment in 10 years at an interest rate of 12% per year?
12. A   green   algae,   chlamydomonas rein-hardtii, can produce hydrogen when tem​porarily deprived of sulfur for up to 2 days at a time. How much could a small com​pany afford to spend now to commercial​ize the process if the net value of the hy​drogen produced is m.u.280,000 per year? Assume the company wants to earn a rate of return of 20% per year and recover its investments in 10 years.
13. How much money could an environmental soil cleaning company borrow to finance a site reclamation project if it expects revenues of SI40,000 per year over a 5-ye3r cleanup period? Assume the interest rate is 10% per year.
14. A certain amusement park spends m.u.55,000 each year in consulting services for ride inspection. New actuator element technol​ogy enables engineers to simulate com​plex computer-controlled movements in any   direction.   How   much   could   the amusement park afford to spend now on the new technology if the annual consult​ing services will no longer be needed? As​sume the park uses an interest rate of 15% per year and it wants to recover its invest​ment in 5 years.
15. Under an agreement with the Internet Service Providers (ISPs) Association, SBC Communications   reduced   the   price   it charges ISPs to resell its high-speed digital subscriber line (DSL) service from m.u.458 to m.u.360 per year per customer line. A particu​lar ISP, which has 20,000 customers, plans to pass 90% of the savings along to its cus​tomers. What is the total present worth of these savings over a 5-year horizon at an interest rate of 8% per year?
16. A recent electrical engineering graduate started a small company that uses ultra-wideband technology to develop devices that can detect objects (including people) inside of buildings, behind walls, or below ground. The company expects to spend m.u.100,000 per year for labor and m.u.125,000 per year for supplies before a product can be marketed. At an interest rate of 12% per year, what is the total equivalent future amount of the company's expenses at the end of 3 years?
17. A recent engineering graduate passed the FE exam and was given a raise (beginning at the end of the year) of m.u.2000. At an interest rate of 8% per year, what is the accumulated value of the m.u.2000 per year raise over her expected 35-year career?
18. An independently owned moving com​pany wants to have enough money to pur​chase a new tractor-trailer in 4 years. If the unit will cost m.u.250,000, how much should the company set aside each year if the account earns 10% per year?
19. To improve crack detection in aircraft, the U.S. Air Force combined ultrasonic in​spection procedures with laser heating to identify fatigue cracks. Early detection of cracks may reduce repair costs by as much as m.u.200,000 per year. What is the future value of these savings over a 5-year period at an interest rate of 10% per year?
Single Payments (Use of F/P or P/F Factors) [3]

What will be the amount accumulated by each of these present investments? 
(a) m.u.7,000 in 8 years at 9%, com​pounded annually

(b) m.u.1,250 in 12 years at 4%, com​pounded annually

(c) m.u.5,000 in 31 years at 7%, com​pounded annually

(d) m.u.20,000 in 7 years at 6%, com​pounded annually.

20. What is the present worth of these fu​ture payments?

(a) m.u.4,500 - 6 years from now at 7%, compounded annually

(b) m.u.6.000 - 15 years from now at 8%, compounded annually

(c) m.u.20,000 - 5 years from now at 9%, compounded annually

(d) m.u.12,000 - 8 years from now at 10%, compounded annually.

21. For an interest rate of 8%, com​pounded annually, find

(a) How much can be loaned now if m.u.6,000 will be repaid at the end of 5 years?

(b) How much will be required in 4 years to repay a m.u.15,000 loan now?

22. How many years will it take an invest​ment to triple itself if the interest rate is 9%, compounded annually?

23. You bought 200 shares of Motorola stock at m.u.3,800 on December 31, 2000. Your intention is to keep the stock until it doubles in value. If you expect 15% annual growth for Motorola stock, how many years do you expect to hold on the stock? Compare the so​lution obtained by the Rule of 72 (dis​cussed in Example 4.8).

Uneven Payment Series

24. If you desire to withdraw the following amounts over the next 5 years from the savings account which earns a 7% in​terest compounded annually. How much do you need to deposit now?

	25. n
	26. Amount

	27. 2
	28. m.u.32, 000

	29. 3
	30. m.u.33, 000

	31. 4
	32. m.u.36, 000

	33. 5
	34. m.u.38, 000


35. If m.u.1,000 is invested now, m.u. \,500 two years from now, and m.u.2,000 four years from now at an interest rate of 6% compounded annually, what will be the total amount in 10 years?

36. A local newspaper headline blared: "Bo Smith signed for m.u.30 Million." A reading of the article revealed that on April 1, 2000, Bo Smith, the former record-breaking running back from Football University, signed a m.u.30 mil​lion package with the Dallas Rangers. The terms of the contract were m.u.3 mil​lion immediately: m.u.2.4 million per year for the first 5 years (first payment after 1 year) and m.u.3 million per year for the next 5 years (first payment at year 6). If Bo's interest rate is 8% per year, what would be his contract worth at the time of contract signing?

37. How much invested now at 6% would be just sufficient to provide three pay​ments with the first payment in the amount of m.u.3,000 occurring 2 years hence, m.u.4,000 five years hence, and m.u.5,000 seven years hence?

Equal Payment Series

38. What is the future worth of a series of equal year-end deposits of m.u.2.000 for 10 years in a savings account that earns 9%, annual interest, if

(a) All deposits were made at the end of each year?

(b) All deposits were made at the begin​ning of each year?
39. What is the future worth of the follow​ing series of payments?

(a) m.u.1,000 at the end of each year for 5 years at 7%, compounded annually

(b) m.u.2,000 at the end of each year for 10 years at 8.25%, compounded annually

(c) m.u.3,000 at the end of each year for 30
years at 9%, compounded annually

(d) m.u.5,000 at the end of each year for 22 years at 10.75%, compounded annu​ally.
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